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Abstract This note summarizes the main results presented in the au-
thor’s Ph.D. thesis, supervised by Professor Michel Van Caneghem and de-
fended on 14th June 2005 at University of Aix-Marseille II, France. The the-
sis, written in French, is available at http://www.lif-sud.univ-mrs.fr/
Rapports/25-2005.html. The mutual exclusion scheduling problem has an
elegant graph-theoretic formulation: given an undirected graph G and an
integer k, find a minimum coloring of G such that each color appears at
most k times. When G is an interval graph, this problem has some applica-
tions in workforce planning. Then, the object of the thesis is to study the
complexity of mutual exclusion scheduling problem for interval graphs and
related classes.
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1 Introduction

The mutual exclusion scheduling problem can be formulated as follows in
graph-theoretic terms: given an undirected graph G and an integer k, find
a minimum coloring of G such that each color appears at most k times.
The problem owns this name because of its important applications in the
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scheduling domain. When G is an interval graph, this one has some appli-
cations in workforce planning too. In effect, we have been confronted to it
during the development of the software Bamboo for ressources planning,
edited by the firm Prologia of the Groupe Air Liquide (for more details
on Bamboo, see http://www.prologia.fr/bamboo/bamboo.html).

The problem encountered is the following. Consider a set of daily tasks,
each one having a starting date and an ending date. An employee is able to
execute correctly a set of tasks if they do not overlap during the day. For
several reasons (regulation of work, security, maintenance of machines), an
employee must not execute more than k tasks in a day (generally k ≤ 5).
Then, the question is: how employees have to be mobilized to complete all
the tasks? Obviously, a planning describing which tasks have to be assigned
to each employee is required. Since each task is only an interval of time,
the problem amounts to color the underlying interval graph such that each
color appears no more than k times, which corresponds exactly to the mu-
tual exclusion scheduling problem for interval graphs. When the planning is
cyclic (the same tasks recur each day and some of them overlap two consec-
utive days), we obtain the same problem but for circular-arc graphs. When
there are not enough employees to execute all the tasks (e.g., because some
employees are absent), it is interesting to allow overlapping between certain
tasks during the assignment. In this case, the problem relates to tolerance
graphs.

NP-hard in the general case, the complexity of the mutual exclusion
scheduling problem has been investigated for several classes of graphs, in
particular some classes of perfect graphs (Baker and Coffman, 1996; Bod-
laender and Fomin, 2004; Bodlaender and Jansen, 1995; Cohen and Tarsi,
1991; Dahlhaus and Karpinski, 1998; De Werra, 1997; Finke et al., 2004;
Hansen et al., 1993; Jansen, 2003; Jarvis and Zhou, 2001; Lonc, 1991). Un-
fortunately, few positive results have been published on the subject: for
the majority of the classes studied, the problem is shown to be NP-hard.
Bodlaender and Jansen (1995) have notably established that the problem
restricted to interval graphs remains NP-hard even if k is a constant greater
or equal than 4. We took up the problem at this point and the object of this
thesis is to study in details the complexity of mutual exclusion scheduling
problem for interval graphs and for some related classes, like circular-arc
graphs or tolerance graphs.

Our contribution stands at two levels. We exhibit several polynomial
cases significant in practice, for which we have been careful to devise some
simple and efficient algorithms (in particular linear-time and space algo-
rithms). On the other hand, by reinforcing the existing NP-hardness re-
sults, we obtain a precise cartography of the complexity of the problem for
the classes of graphs studied.
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2 New results on complexity and algorithms

First, the complexity of the mutual exclusion scheduling problem for interval
graphs is detailed. A new algorithm, much simpler than the one of Andrews
et al. (2000), is proposed to solve in linear time and space the problem
when k = 2. At the same time, some related problems are investigated
like maximum matching in convex bipartite graphs or minimum coloring
of interval graphs, for which new optimal-time and space algorithms are
given. Finally, we show that the problem is linear-time and space solvable for
two well-known subclasses of interval graphs using greedy-like algorithms:
proper interval graphs and threshold graphs.

Then, the problem is investigated for the two extensions of interval
graphs which are circular-arc graphs and tolerance graphs. An O(n2)-time
and linear-space algorithm is proposed to solve the problem restricted to
proper circular-arc graphs, as well as a linear-time and space algorithm for
the same problem when k = 2. Then, the Bodlaender and Jansen’s theorem
is reinforced by establishing that when k ≥ 3 the problem remains NP-hard
for bounded tolerance graphs, even if the stable set of largest cardinality in
the graph has k + 1 vertices and that any cycle of length greater or equal
than five has two chords. A corollary of this result is that the problem re-
mains NP-hard for Meyniel graphs and weakly triangulated graphs whose
complement is also a partially ordered graph, even for fixed k ≥ 3.

3 A sufficient condition for optimality

Motivated by practical aspects, we study the impact of the following prop-
erty on the complexity of the problem: the graph G admits a coloring such
that each color appears at least k times. In a workforce planning context,
this hypothesis is often verified. This is notably the case when working
schedules of municipal bus drivers or airport personnels are planned: the
rotations of bus or planes generally induce some packets of consecutive
tasks of size greater or equal than k (for reasonable values like k ≤ 5). We
show that if an interval graph owns this property, then it can be optimally
partitioned into dn/ke stable sets of size at most k. Moreover, if a coloring
of the interval graph which satisfies the property is given as input, then the
mutual exclusion scheduling problem is solved in linear time and space. Sur-
prisingly, this assertion is extended to circular-arc graphs, claw-free graphs,
proper tolerance graphs (for k = 2) and chordal graphs (for k ≤ 4). As a
consequence of the result concerning claw-free graphs, we obtain that the
problem is polynomial for perfect claw-free graphs, and in particular for
line-graphs of weakly triangulated graphs.
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4 On partitioning problems related to interval graphs

The last chapter of the thesis is devoted to some partitioning problems re-
lated to interval graphs, inspired from the study of the mutual exclusion
scheduling problem. We particularly linger over the problem of partition-
ing interval graphs into proper interval (induced) subgraphs, for which the
following proposition is established: any interval graph admits a partition
into less than dlog3 ne proper interval subgraphs and this partition is com-
puted in O(n log n + m) time and linear space. This result is used to devise
a polynomial approximation algorithm for the mutual exclusion scheduling
problem restricted to interval or circular-arc graphs. We propose two al-
gorithms reaching in linear time and space an approximation ratio lower
than 2 in real-life situations (i.e., under certain conditions). Finally, three
other problems are investigated: partitioning an interval graph into the least
number of cliques or stable sets, determining the largest proper interval sub-
graph of an interval graph, finding the minimal number of different lengths
of intervals necessary to represent an interval graph.
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